We describe a method to find the anomaly of the time-reversal symmetry of 2+1d topological quantum field theories, by computing the fractional anomalous momentum on the cross-cap background. This allows us, for example, to identify the parameter ν mod 16 of the bulk 3+1d topological superconductor with T 2 = (−1) F on whose boundary a given 2+1d time-reversal-invariant topological phase can appear.
Introduction and summary
A quantum field theory in d + 1 spacetime dimensions with a global symmetry G can have an anomaly. This anomaly manifests itself as the phase ambiguity of its partition function in the presence of a nontrivial background gauge field for the global symmetry G. Moreover, this phase ambiguity appears in a controlled manner. For example, when G is a continuous internal symmetry, it follows the Wess-Zumino consistency condition.
More generally, the phase ambiguity can be understood by regarding the original quantum field theory as realized on the boundary of another quantum field theory in (d + 1) + 1 spacetime dimensions with the same global symmetry G in the bulk. The bulk theory is almost trivial in the sense that there is a unique gapped vacuum on any compact spatial manifold, and is known under various names, such as an invertible field theory in the math literature or as a symmetry protected topological phase (SPT phase) in the condensed matter literature. When the spatial manifold has a boundary, the partition function of the total system is properly G symmetric, since the phase ambiguity of the boundary theory is canceled by the phase of the bulk system. In this manner, the bulk SPT phase completely captures the anomaly of the boundary theory. This mechanism is long known as the anomaly inflow when the symmetry G is continuous.
In this paper, we study the anomaly of the time-reversal symmetry T of 2+1d relativistic quantum field theories with fermions, such that T 2 = (−1) F . The corresponding bulk theory is known as 3+1d topological superconductors with T 2 = (−1) F , and has received much attention in the recent years. There are now ample pieces of evidence that such topological superconductors follow a Z 16 classification [1] [2] [3] [4] [5] [6] [7] [8] . Correspondingly, given a time-reversal-symmetric 2+1d system with T 2 = (−1) F , its time-reversal anomaly is characterized by an element of Z 16 [9, 10] . For example, the anomaly of a system with ν massless 2+1d Majorana fermions is given by ν mod 16. With interactions, the boundary theory can also be gapped and become a topological quantum field theory (TQFT). The main objective of this paper is to provide a method to compute the Z 16 anomaly of the time-reversal symmetry when the 2+1d system is topological. For this purpose, we first translate the Z 16 anomaly to the fractional background momentum on the crosscap background. Note first that introducing a background gauge field for the timereversal symmetry amounts to considering the theory on a general non-orientable manifold. Let us therefore put the 2+1d system, here not assumed to be topological, on the spatial geometry with the coordinates (x, θ), with the identification (x, θ) ∼ (−x, θ + π).
(1.1)
One may see this manifold as a half cylinder x ≥ 0, θ ∼ θ + 2π with the identification condition (0, θ) ∼ (0, θ + π) which can be recognized as a crosscap. This background has a U(1) isometry shifting θ, such that θ → θ + 2π is an identity. On a system without anomaly, the corresponding momentum is integrally quantized. We will see below that, on a system with anomaly, we instead have
i.e. the background has an anomalous momentum. More precisely, there are two complementary pin + structures on the crosscap geometry, and the momentum on one is given by (1.2) and the momentum on the other is given by p = n − ν/16.
To determine the anomaly of a 2+1d TQFT, then, we need to compute this anomalous momentum. We will see below that this can be done by determining the state on a torus T 2 created by the crosscap times a circle S 1 . Before proceeding, we note that essentially the same method to understand the anomaly of the time-reversal symmetry of 1+1d systems with 2+1d bulk SPTs in terms of the anomalous fractional momentum has already been discussed in [11] . The novelty here is to apply it to 2+1d systems with 3+1d bulk SPTs, in particular to 2+1d topological systems. We also note that in [12] the authors already considered a particular class of 2+1d topological theories, namely the Abelian Chern-Simons theories, on non-orientable manifolds, but they only considered non-anomalous theories.
The rest of the paper is organized as follows. In Sec. 2, we first explain why the relation (1.2) holds, using some general argument and an explicit example of ν Majorana fermions. In Sec. 3, we describe how we can determine this anomalous momentum in the case of 2+1d topological systems. In Sec. 4, we apply the methods developed in Sec. 3 to a couple of examples. We also have an appendix where we realize the semion-fermion theory on the domain wall of a super Yang-Mills theory.
We pause here to mention that to discuss 2+1d TQFTs on non-orientable manifolds properly, we should first generalize the standard Moore-Seiberg axiom for 2+1d orientable TQFTs [13, 14] to the non-orientable situation. The authors plan to do so in the future; in the present paper, we develop only the minimal amount of machinery necessary to determine the time-reversal anomaly. 1 
Time-reversal anomaly and the anomalous momentum
Consider the crosscap geometry (1.1) as in the introduction. Let P θ be the momentum operator in the direction θ. Then, e 2πiP θ is a trivial element of the symmetry group in non-anomalous theories. However, in anomalous theories, this can be nontrivial.
The reason that e 2πiP θ corresponds to an anomaly is as follows. Suppose that we want to compute the thermal partition function tr e −βH in the crosscap geometry (with the infinite spatial volume appropriately regularized). If we insert e 2πiP θ and compute tr e −βH+2πiP θ , it is just computing the path integral on the geometry crosscap × S 1 which is completely the same manifold as for the path integral expression for tr e −βH . However, the results change by the phase factor e 2πip , where p ∈ R/Z is the anomalous momentum. The phase ambiguity of partition functions is an anomaly. This is very similar to the explanation of the anomaly of the modular invariance under the element T ∈ SL(2, Z) in 1+1d field theories.
Suppose we have two theories with the values of the time reversal anomaly ν ∈ Z 16 given by ν 1 and ν 2 and the anomalous momentum given by p 1 and p 2 . The time reversal anomaly and the anomalous momentum are additive quantities; if we consider the theory which is a direct product of the two theories, then the time reversal anomaly and the anomalous momentum are simply given by ν 1 + ν 2 and p 1 + p 2 , respectively. Furthermore, if a theory has ν = 0, then partition functions do not have any phase ambiguity and hence we must have p = 0. From these properties, we conclude that there must be a homomorphism Z 16 ∋ ν → p ∈ R/Z. We will show in Sec. 2.2 that this homomorphism is given by
Anomalies and projective representations
More general treatment is as follows. (The reader can skip this subsection on a first reading and go to Sec. 2.2.) As a warm-up, let us consider G-symmetric 0+1d systems. If the G symmetry does not have an anomaly, the group G acts on the Hilbert space H. If the G symmetry is anomalous, the general principle says [22] that the anomaly is encoded by the 1+1d G-SPT phase, which is specified by a cohomology class u ∈ H 2 (BG, U(1)) as a Dijkgraaf-Witten theory [23] . 1 We also remark that in this paper we use comparison of TQFTs with fermions where the relation between anomalies and SPT phases (see e.g., [10, [15] [16] [17] [18] [19] ) are well-established for fermions [9] by the Dai-Freed theorem [20, 21] . It would be very interesting to find the right mathematical structure directly in TQFTs without relying on the anomaly matching with fermions.
When u is nonzero, the group G acts on the Hilbert space H projectively, or equivalently, a nontrivial central extensionĜ
acts linearly on H. It is a standard mathematical fact that such central extensions are classified by the same cohomology group H 2 (BG, U (1)). So, the same cohomology class u specifies both the G-SPT phase in the 1+1d bulk and the class of the projective G representation on the 0+1d boundary.
As a second warm-up, consider a G-symmetric 1+1d system with an anomaly characterized by an element u ∈ H 3 (BG, U (1)). Put such a system on a spatial circle S 1 with the holonomy g ∈ G. The corresponding Hilbert space H g carries a projective representation of C g (G), the centralizer of g in G, whose class as a projective representation is given by a certain class S 1
, where
is a certain homomorphism whose explicit form is given e.g. in [23] . From the point of view of the bulk SPT, this map S 1 g specifies the 1+1d C g (G)-SPT resulting from the S 1 compactification with holonomy g of the 2+1d G-SPT.
We are interested in the time-reversal anomaly of 2+1d systems with fermions such that
F . In the following, we will call such systems 2+1d pin + systems, since fermions with
F correspond to having a pin + structure on non-orientable manifolds [9, 24] . As argued there, the corresponding 3+1d fermionic SPT phase is characterized by the dual of the bordism group given by Ω 4 pin + = Z 16 . Let us choose the spatial slice to be the crosscap geometry (1.1) with a chosen pin + structure (which will be discussed more explicitly in the next subsection). The geometry has a U(1) isometry, and on an anomalous system it can be realized projectively. The class ϑ ∈ H 2 (BU(1), U(1)) = R/Z specifying the class of the projective representation is exactly the momentum mod 1; as a U(1)-SPT phase in 1+1 dimensions, the parameter ϑ specifies the theta angle of the background U(1) gauge field. Correspondingly, there should be a homomorphism
This homomorphism can be determined by studying on the crosscap geometry a system whose time-reversal anomaly is known. We will find below that it is given by (2.1).
Analysis of the free fermion system
To see that the anomalous momentum is given by (2.1), take the 2+1d time-reversal invariant massless Majorana fermion system, which has the anomaly 1 ∈ Z 16 as computed in [9] . We need to compute its momentum on the crosscap geometry. This computation can be done by borrowing the results of [10] where the background momentum on the Klein bottle was essentially computed.
Here we give a simplified version of their arguments.
The geometry of the Klein bottle is given by
We have two crosscaps at x = 0 and x = L. There are four possible pin + structures on the Klein bottle, as we can see as follows. First, under the identification (x, θ) ∼ (−x, θ + π), we can impose two possible conditions on the fermion ψ as
where γ x is the gamma matrix in the x direction which satisfies (γ x ) 2 = 1. 2 The choice of the ± sign in (2.6) represents the choice of the pin + structure at the crosscap at x = 0. In the same way,
we have another two possible pin + structures at the crosscap at x = L given by
Some consequences of these pin + structures are as follows. Under θ ∼ θ + 2π, we always have periodic (R) boundary condition
which is a consequence of (±γ x ) 2 = 1. In contrast, the boundary condition under x ∼ x + 2L is given by
where the first and the second (±1) represent the signs in (2.6) and (2.7), respectively. We assume that each crosscap has its own anomalous momentum. The anomalous momentum of the crosscap at x = 0 (x = L) with the pin + structure (2.6) ((2.7)) are denoted as p ± ∈ R,
where the subscript ± corresponds to the pin + structures. We remark that we consider these momenta as taking values in R instead of R/Z in this subsection. This is necessary as we will see below.
When the spin structure along the x direction is antiperiodic, meaning (±1)(±1) = −1 in (2.9), there are no fermionic zero modes in the background, and there is no background momentum. Therefore, p + + p − = 0.
When the spin structure along the x direction is periodic, meaning (±1)(±1) = 1, we consider a Kaluza-Klein reduction in the x direction. The system reduces to the massless 1+1d Majorana fermion system along θ with the periodicity θ ∼ θ + π, up to massive Kaluza-Klein modes which do not contribute to the vacuum momentum. The conditions (2.6) and (2.7) mean that after the reduction, the 1+1d Majorana fermion is in the R-NS sector along θ ∼ θ + π, where the R 2 If we consider a pin − fermion, then the γ x in (2.6) is replaced by iγ x which satisfies (iγ x ) 2 = −1.
and NS sectors correspond to the components of ψ which are the eigenvectors of ±γ x with the eigenvalues +1 (for R) and −1 (for NS), respectively. If we choose the + sign in (2.6) and (2.7), the left-moving sector is periodic while the right-moving sector is antiperiodic. On the other hand, if we choose the − sign, then the right-moving sector is periodic while the left-moving sector is antiperiodic. Let us consider the case of the + sign. On the S 1 given by θ ∼ θ + π, the momentum of the vacuum of the R-NS sector which is appropriately normalized with respect to θ ′ = 2θ is given by 1/24 − (−1/48) = 1/16. In the crosscap geometry (1.1) the periodicity is actually θ ∼ θ + 2π. Therefore the momentum of the R-NS vacuum (normalized with respect to θ) counts as the fractional momentum 1/8 of the Klein bottle geometry. Therefore, 2p + = 1/8. We thus conclude that p ± = ±1/16. This is the relation (2.1) we wanted to show.
In the last step of the above discussion, we needed to divide the vacuum momentum by 2 to go from 2p + = 1/8 to p + = 1/16. We emphasize that this is possible because we have treated the momentum as taking values in R rather than R/Z. Otherwise, the division by 2 is not justified in R/Z. This is the reason that ν = 8 was not concluded to have an anomaly in [10] . By considering the vacuum momentum as taking values in R, we can see that ν = 8 has the anomalous momentum p = 1/2.
Time-reversal anomaly of topological theories
In this section we will explain how we can determine the time-reversal anomaly of 2+1d topological pin + theories. In the following, we assume that the 1+1d RCFT corresponding to the 2+1d theory under consideration has the relation between left and right central charges as c L = c R so that the 2+1d theory has no framing anomaly, since we can choose no framing on non-orientable manifolds. 3 To understand how we can study the fractional momentum carried by the crosscap in these theories, it is useful to first recall the following fact. A single quasiparticle p (or, equivalently, a type of the line operator p) in a topological theory carries a spin h p mod 1. If this quasiparticle p is placed at the tip of the cigar, this spin translates to the anomalous momentum h p corresponding to the isometry of the cigar. Correspondingly, if we create a state |p in the Hilbert space of the theory on
B using the geometry of a disk times a circle, D 
since T changes the framing of the line operator by a single unit. 4 Therefore, to determine the time-reversal anomaly of a 2+1d topological pin + theory, we need to determine the T eigenvalue of the crosscap state |CC on T 2 created by the geometry MO A × S 
The boundary S 1 A = ∂MO A is given by (x = 1, θ) with θ ∼ θ + 2π, and the crosscap is at (x = 0, θ) with θ ∼ θ + π. We note here that the spin structure around S 1 A is necessarily periodic, since this direction wraps the crosscap twice, while we are considering a pin + theory; see (2.8). If we were considering a pin − theory, the spin structure around S 1 A would be antiperiodic instead. The spin structure around S 1 B , in contrast, can be chosen at will. In the following, we will always take it to be antiperiodic, to be specific.
The state |CC must be an eigenstate of T ,
3)
The reason is that the action of the Dehn twist T does not change the topology of the geometry MO A × S 1 B , and hence the physical states before and after the action of T must be the same in a topological theory. Physical states correspond to rays in the Hilbert space, and hence |CC and T |CC must be proportional to each other. Furthermore, this eigenvalue is the exponential of the crosscap momentum as discussed above.
In a unitary 2+1d topological theory, we are given a collection of quasiparticles (i.e., types of line operators) equipped with the fusion products and other data. Among them, we have the standard conjugation p → p associated to the CPT (or more precisely CRT) transformation. In a time-reversal invariant theory we also have the time reversal p → Tp. We prefer to use the spatial reflection R, which is given by p → Rp := Tp. The conjugation does not change the spin h p mod 1, while the time reversal and the spatial reflection change the sign of the spin:
From the geometry we can see that
where R A is the reflection θ → −θ, and |CC ′ is the state created by the crosscap with the opposite pin + structure. More precisely, we take the + sign in (2.6) for |CC and the − sign for |CC ′ . The reason for the change of the pin + structure is that R A acts as R A (ψ)(x, θ) = γ θ ψ(x, −θ), and the sign in (2.6) changes because of the anti-commutation γ x γ θ = −γ θ γ x . In the same way, one can see that the reflection R B in the S 1 B direction also changes the pin + structure.
Under the above transformations, the T eigenvalues of |CC and |CC ′ should be inverse to each other. In a non-spin theory, there is no distinction of |CC and |CC ′ . Therefore the only possible T eigenvalues are ±1, corresponding to 0, 8 mod 16 in the Z 16 classification, as it should be. In a spin topological theory, there is a distinguished quasiparticle f whose corresponding loop operator measures the spin structure; it represents the transparent fermion. It is a c-number "operator" which can be constructed purely from the background metric [26] . Because it has the spin 1/2, it has a framing anomaly which corresponds to the choice of the spin structure of the tangent bundle of the loop C of this operator. By fixing the spin structure of the tangent bundle of C to be anti-periodic, the spin structure of the normal bundle (which is measured by the value of f ) is determined from the spin structure of the underlying manifold. Then f takes the value +1 on a cycle with NS boundary condition and −1 on a cycle with R boundary condition.
The braiding of any line operator with f is either +1 or −1; the former is the standard NS quasiparticles, and the latter is the R "quasiparticles" 5 around which we have R spin structure. As discussed above, the Möbius strip MO A automatically has the periodic spin structure around the boundary circle S A . Therefore, we should be able to expand |CC as since we can move the quasiparticle p across the crosscap to make it to be Rp.
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In the next section, to determine |CC , we use the conditions discussed above, namely:
1. the fact that |CC is an eigenstate of T as in (3.3), T |CC = e 2πip |CC , 2. A(f )|CC = −|CC and B(f )|CC = +|CC , corresponding to R and NS boundary conditions on S A and S B , respectively, and 3. the consistency of the action of the loop operator around S 1 B (3.6), B(p)|CC = B(Rp)|CC . 5 They do not correspond to any dynamical excitations and instead they change the background geometry. In that sense they may be called more properly as R line defects. 6 The (3.6) is valid when p is an NS line. For an R line, one can check that the spin structure of (2.6) is changed when we move the R line, and hence the complementary state |CC ′ appears as B(p)|CC = B(Rp)|CC ′ . We also remark that the two states A(p)|CC and A(Rp)|CC are also related, but the precise relation depends on the braiding of p and Rp, since to move the line of p wrapped around the boundary of the Möbius strip across the central crosscap, it needs to braid nontrivially with its self-reflection.
Examples
To illustrate the discussions so far, in this section we consider a few examples.
Semion-fermion theory
We first discuss the semion-fermion theory introduced in the condensed matter literature [1] . As a Chern-Simons theory it is realized as U(1) 2 × U(1) −1 and was discussed in [6] . In appendix A, we show that this theory does arise on a boundary of a topological superconductor of ν = ±2 by using the general methods developed in [7] . Let us denote the unique nontrivial line operator of U(1) 2 by s, representing the semion. The spin is 1/4, and it satisfies s 2 = 1. We use the symbol f for the spin −1/2 operator of U(1) −1 , which is the transparent fermion of the spin topological theory. To describe the R-sector, we need another line r of U(1) −1 , whose spin is −1/8, with the property r 2 = f . A convenient way to consider this R-sector line r is to start from a non-spin U(1) −4 theory whose fundamental line is r, and then divide the gauge group U(1) by Z 2 . The gauge field a The consistency with the fact that R changes the sign of the spin h p requires that R(s) = f s. The candidates for the crosscap state satisfying the conditions discussed in the previous section are
The T eigenvalues are e −2πi/8 and e +2πi/8 , respectively. With the former choice, the time-reversal anomaly is ν = −2 while with the latter we have ν = +2. We denote the theories with ν = +2 and ν = −2 as SF + and SF − , respectively.
In general, given a TQFT on oriented manifolds, we need more detailed information about the action of time-reversal symmetry to formulate it on non-orientable manifolds. This is analogous to the fact that two transformations of majorana fermions T(ψ) = +γ 0 ψ and T(ψ) = −γ 0 ψ correspond to two different values ν = +1 and ν = −1. The above result suggests that there are two ways to couple the theory U(1) 2 × U(1) −1 to the geometry of non-orientable manifolds, and they give the values ν = +2 and ν = −2, respectively.
It is difficult to see this, however, from a more traditional point of view, because the time reversal T is realized as a quantum symmetry rather than the symmetry of the classical action. More precisely, the problem is that R must satisfy R 2 = 1 in the Pin + group, but this relation is not realized at the classical level and only achieved at the quantum level [6] . Therefore it is not straightforward to put the theory on non-orientable manifolds. We leave it a future work to study the full details.
T-Pfaffian theory
Specification of the theory: The T-Pfaffian theory is the name given to the topological theory (U(1) −8 × Ising 1/2 )/Z 2 by the condensed-matter theorists. Here, Ising 1/2 is the non-spin Ising TQFT with the right-moving central charge +1/2, and we take U(1) −8 to have the left-moving central charge 1. To put the system on non-orientable manifolds, we need to cancel the total central charge, as we discussed in footnote 3. For this purpose we need an almost trivial spin TQFT with the right moving central charge +1/2 such that there is only one state on any spatial slice. 7 The spin Ising TQFT sIsing +1/2 does the required job. 8 Therefore the T-Pfaffian theory we consider is
The quasiparticles of U(1) −8 are denoted by c k , whose spin is −k 2 /16. We denote the quasiparticles of the Ising 1/2 and sIsing 1/2 theories by ψ, σ and ψ ′ , σ ′ , with spins 1/2, 1/16 and 1/2, 1/16, respectively.
We use f := c 4 ψ to form the Z 2 quotient. Therefore, f and ψ ′ are transparent fermions. We need to keep in mind that the non-anomalous Z 2 one-form symmetry generated by F := f ψ ′ is gauged [28] . Multiplying by ψ ′ does not give new quasiparticles, since it is equivalent to multiplying by f = c 4 ψ. 7 The theories with only one state on any spatial slice are called invertible field theories. Let IFT c be the invertible field theory on oriented spin manifolds whose partition function is given by exp(−ciπη), where η is the Atiyah-Patodi-Singer eta invariant of a fermion coupled only to metric on 2+1d. The c corresponds to the framing anomaly. The smoothness of the partition function requires that 2c must be an integer for invertible field theories in the normalization of η as in [6] . They have a property that IFT c × IFT c ′ = IFT c+c ′ and in particular IFT c × IFT −c is the trivial theory. For example, we can realize them as SO(n) 1 = IFT n/2 , U(1) 1 = IFT 1 , sIsing ±1/2 = IFT ±1/2 etc. See also Appendix C.5 of [6] . 8 For the detailed discussions of the relation between the non-spin Ising TQFT and the spin Ising TQFT, see [27] . 9 As argued in [28] , gauging a non-anomalous Z 2 one-form symmetry whose corresponding line operator is F has two main effects: i) it projects out line operators that non-trivially braid with F , ii) any two line operators p, q that satisfy pF = q under the fusion product are identified, and iii) any line operator p that satisfies pF = p in the fusion product splits into two operators p + and p − . In our case, the first effect just means that we always pair an NS line operator from A := (U(1) −8 × Ising 1/2 )/Z 2 and an NS line operator B := sIsing −1/2 , or an R line operator from A and an R-line operator from B. The second effect identifies f and ψ ′ . As for the third effect, there is no line operator that satisfies p = pF in our theory, so it does not play a role. This third effect, however, becomes important e.g. when we check the relation sIsing 1/2 × sIsing 1/2 = U(1) 1 .
R quasiparticles and their spins are the ones given below: 
Crosscap states:
We can easily find one crosscap state that satisfies the condition (3.6):
whose T eigenvalue is e 2πi0/16 . The time-reversal anomaly is then ν = 0. In general, once we find a state |CC X satisfying the condition (3.6), we can find other states satisfying at least the same condition (3.6) as
This is because any two operators B(p) and B(q) commute by a topological reason; we can exchange the positions of the lines B(p) and B(q) without crossing them with each other. Hence we have
However, the condition (3.3) that the state |CC pX be an eigenvector of T is not necessarily satisfied for all p.
In the case of the T-Pfaffian, one can check that (3.3) is satisfied if p = 1 or c 4 . (Incidentally, these two lines p = 1 and c 4 form the Z 2 one-form symmetries of the TQFT.) The crosscap state for p = c 4 is
whose T eigenvalue is e 2πi8/16 , meaning that ν = 8. To conclude this subsection, we found that the T-Pfaffian theory has two different variants on non-orientable manifolds. One choice has ν = 0 with the crosscap state (4.6), and another has ν = 8 with the crosscap state (4.9). We call these variants T-Pfaffian + and T-Pfaffian − .
Theories obtained by gapping free fermions
In [6] Seiberg and Witten considered a weakly-coupled system of fermions, scalars and a U(1) gauge field such that in one phase we have ν = 2r Majorana fermions and in other phase we have certain TQFTs. After quickly reviewing their construction, we apply our methods to the resulting TQFTs and show that we can correctly reproduce the expected value of ν.
Quick review
We start from r complex fermions χ i , i = 1, . . . , r, all of charge 2 under the U(1) gauge field a. We also introduce a complex scalar w of charge 1 and another complex scalar φ of charge 4. We include the Yukawa coupling φχ ai χ bi ǫ ab + c.c in the theory, where a, b are spinor indices. This system is time-reversal invariant when we give appropriate transformation rules. We regard the neutral combination χ i w 2 to have the same quantum numbers as the bulk 3+1d fermion, so that it can escape to the bulk.
Depending on the potential of w and φ, we can either give a vev to w or φ. In the former case, U(1) a is completely broken by eating w, and we just have ν = 2r Majorana fermions. In the latter case, the vev of φ breaks U(1) a to Z 4 . This can be represented by a U (1) 2 Chern-Simons theory by introducing an additional Lagrange-multiplier gauge field c, with the action
Further, the r Dirac fermions become massive by the vev of φ and can be integrate out. When r is even, the integrating-out does not produce any terms. When r is odd, the integrating-out generates the term 2 4π ada (4.11) in addition to the Ising TQFT sector. For more details, see [6] . There they considered a more general class of theories where χ has charge 2s, and we set s = 1 for simplicity.
Even number of complex fermions
Specification of the theory: The Z 4 gauge theory described by (4.10) has total central charge zero, and has 16 line operators a m c n := e im a+in c , (m, n = 0, 1, 2, 3), whose spin is mn/4. This is however not the whole story. This Z 4 gauge theory does not feel the spin structure, but we started from the theory that depends on the spin structure. Therefore, we also have an almost trivial spin TQFT with zero central charge, with transparent line operator ψ of spin 1/2. There are two types of R-sector lines ρ and ρ ′ , both of spin 0, such that ρ 2 = ρ ′2 = 1 while ρρ ′ = ψ. 10 They are all self-conjugate under the CRT. In the quick 10 An explicit example of the construction of such an almost trivial spin TQFT is given by
Let s and t be the basic line operators of U(1) 4 and U(1) −4 , respectively. Then the quotient in (U(1) 4 × U(1) −4 )/Z 2 is taken with respect to the line operator s 2 t 2 with spin 0. The result of this review above, we said that the combination χ i wψ, σ of dimension 1/2, 1/16 respectively. The transparent fermion corresponds to the operator f := c 4 ψ, with respect to which we take the Z 2 quotient. Notice that s 2 = 1 implies c 4 = a 2 and hence we can also write f = ψa 2 as in the case of even r. So far, we have the topological theory U(1) 2 ×(U(1) −8 ×Ising 1/2 )/Z 2 . This has an uncancelled total central charge +1/2. We then need to multiply it by a trivial spin theory of central charge −1/2, which is given by the spin Ising theory sIsing −1/2 with the line operatorsψ,σ of dimension −1/2, −1/16 respectively. The final theory is
and the theory manifestly free of the framing anomaly. 11 This is the theory discussed in Sec. 6 of [6] and Sec. 3.2.3 of [8] .
Factorization of the theory: The structure of (4.16) is consistent with the factorization of the theory as T-Pfaffian × semion-fermion. Recall that
Their product can be simplified using the multiplication rule of the invertible field theories IFT c given in footnote 7, and the result reproduces the theory (4.16). We studied the semion-fermion in Sec. 4.1 and we saw there that ν = ±2; the T-Pfaffian was studied in Sec. 4.2 and gave ν = 0 or ν = 8. There are four ways to combine them. Let X be the theory
where the crosscap states of SF − and T-Pfaffian + are given in (4.1) and (4.6) respectively. In this product, the transparent fermions of SF − and T-Pfaffian + are identified. The X has the crosscap state |CC X = |CC SF− ⊗ |CC T-Pfaffian+ . Also let pX be the theory whose crosscap state is given as |CC pX := B(p)|CC X for p = 1, s, c 4 , and Thus we can consistently make identifications ν = 2r.
Speculations on T 2 of quasiparticles
In the above analyses, we have obtained the values of ν in various theories by finding crosscap states satisfying the consistency conditions discussed in Sec. 3. The set of values of ν obtained in that way perfectly matches the ones found in [4, 6, 8] . However, the following point needs to be noticed. In [4, 6, 8] , the distinction between different values of ν was to be found in the eigenvalues of the square of the time-reversal operation T 2 acting on various quasiparticles, but our discussion has not used this information yet. There should be a general way to find the correspondence between T 2 eigenvalues and crosscap states. We remark that what we are discussing here is not the change of the types of quasiparticles under p → Tp → T 2 p = p, but the eigenvalues of T 2 which, in the language of the low energy TQFT, might be given by the action of T 2 on the Hilbert space on a spatial slice with a time-like Wilson line of a quasiparticle p. 12 In the UV description, it is an action of T 2 on the states with the actual physical excitations corresponding to p.
The assignments of T 2 are as follows, according to [4, 6, 8] , in our notation. Let us consider semion-fermion and T-Pfaffian. According to the papers cited above, there is actually two versions of each of these theories, which we denote as SF' ± and T-Pfaffian' ± . The theories SF' ± are characterized by the T 2 eigenvalue acting on s as
Similarly, the theories T-Pfaffian' ± are characterized by the T 2 eigenvalue acting on cσ as
Then, all the results of this paper are consistent with the identification that SF' ± = SF ± and T-Pfaffian' ± = T-Pfaffian ± , where
For the theories studied in Sec. 4.3.3 for odd r, the T 2 eigenvalues are the ones obtained from the factorization SF ± × T-Pfaffian ± .
If we have a theory Y , we get another theory pY as |CC pY = B(p)|CC Y for some p. For example, sSF + = SF − and c 4 T-Pfaffian + = T-Pfaffian − . Then, notice that we have the following braiding phases: c
(4.24) 12 However, in a compact space without boundary, the Hilbert space with a single time-like Wilson line is zero. It is necessary to find a proper definition of "the eigenvalues of T 2 " in the context of TQFT.
From these braiding, we find the following relationship:
(T 2 of quasiparticle q in theory pY ) = (braiding phase of q and p)(T 2 of quasiparticle q in theory Y ). (4.25)
In our case, the theory Y is SF ± , T-Pfaffian ± or SF ± × T-Pfaffian ± , p is either c 4 or s, and q is either cσ or s, but the relation (4.25) seems general.
The authors do not have a proper understanding of the relation (4.25), mainly because they do not understand how the eigenvalues of T 2 of quasiparticles are reflected in the language of TQFT. But the following argument seems to come close.
Consider the geometry MO A × S is even, h ∨ ∈ 2Z. Also, the theta angle is assumed to be zero. This theory confines and fermion condensation occurs with
where Λ is the dynamical scale which can be assumed to be real and positive because the theta angle is zero. There are h ∨ vacua labelled by k. We introduce a small real mass mλλ (m ∈ R) for the majorana fermion λ. Then, the vacuum for m > 0 is realized by the vacuum k = 0 given as λλ k=0 = Λ 3 , and the vacuum for m < 0 is realized by the vacuum k = h ∨ /2 given as λλ k=h ∨ /2 = −Λ 3 . If we change the mass from positive to negative along one of the spatial directions (say y = x 3 ), we get a domain wall interpolating them. Assuming that the time reversal symmetry is not spontaneously broken by the domain wall configuration, a 2+1d boundary theory of the topological superconductor corresponding to ν = ± dim G is realized on this domain wall [7] , because λ is in the adjoint representation which has dimension dim G. The ± sign is determined by how the time reversal T acts on λ, and for definiteness, we take it such that ν = dim G.
The domain wall exists even in the massless limit m → 0 and the supersymmetry is restored in this limit. Then, there is one massless goldstino on the domain wall associated to the spontaneous breaking of (super)translation invariance. This fermion remains massless even if we introduce supersymmetry breaking mass m because it is protected by the time reversal T. It is reasonable to assume that the goldstino provides the only massless fermionic degrees of freedom on the domain wall if the gauge group is simple. Assuming that this is the case, the rest of the anomaly corresponding to ν ′ = ν − 1 = dim G − 1 is accounted for by the TQFT living on the domain wall.
14 In fact, it was argued that some TQFT does live on the domain wall [29] [30] [31] [32] . Even without the time-reversal symmetry, the existence of some TQFT is required by the anomaly matching of the one-form global symmetry for C(G), where C(G) is the center of the gauge group G [32] . Now let us focus our attention to the case G = SU(2N) which has h ∨ = 2N ∈ 2Z and dim G = 4N 2 − 1. The domain wall we are concerned with connects the vacuum k = 0 and the vacuum k = N. In this case, it was argued that there is a U(N) 2N Chern-Simons theory on the domain wall 15 . This theory should account for the anomaly ν ′ = ν − 1 = 4N 2 − 2 of the time reversal symmetry.
Let c be the framing anomaly (i.e. the central charge of the corresponding RCFT) of this Chern-Simons theory. Then we also need to introduce 3+1d bulk gravitational term 2πcÂ to make the theory time-reversal invariant. A consistency check is that we must have the relation 4c = ν (N 2 − 1), so the condition is satisfied.
For example, the simplest case is given by the gauge group G = SU (2) . In this case, we have N = 1 and c = 1, and the bulk contribution 2πcÂ may be replaced by a boundary invertible field theory with c = −1 (see the footnote 3), which we can take to be U(1) −1 . Therefore, the total system is U(1) 2 × U(1) −1 , at least on orientable manifolds. This is exactly the semion-fermion theory discussed in Sec. 4.1. By the above construction, we have determined that this theory corresponds to ν ′ = 2 (or ν ′ = −2 depending on the action of T), which perfectly agrees with the result of Sec. 4.1.
For G = SU(2N), the total system is U(N) 2N × IFT −c , where IFT −c is an invertible field theory accounting for the framing anomaly −c. Therefore, we conclude that it should be somehow possible to formulate the theory U(N) 2N × IFT −c on non-orientable manifolds so that it reproduces the anomaly ν ′ = ±(4N 2 − 2) = ±2 mod 16. Finally, let us make a speculative comment. Under the above assumptions that (i) T is not spontaneously broken by the domain wall, and (ii) there is only one massless fermion on the domain wall which is the goldstino, we have shown that there must be gapped boundary theory of a topological superconductor with ν ′ = dim G − 1. For example, if we consider G = E 8 (which satisfies our condition h ∨ ∈ 2Z), we must get a topological theory which reproduces the anomaly for odd ν. It would be very interesting to investigate this direction in more detail.
